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We study the phases of the Nagel-Schreckenberg traffic model with open boundary conditions as a function
of the randomization probabilitigg>0 and the maximum velocity ,,,,>1. Due to the existence of “buffer
sites” which enhance the free-flow region, the behavior is much richer than that of the related, parallel updated
asymmetric exclusion proce$ASEP), v,.,=1]. Such sites exist fov,,,=3 andp<p. where the phase
diagram is qualitatively similar to the=0 case: there is a free flow and a jamming phase separated by a line
of first-order transitions. Fqu>p. an additional maximum current phase separated by second-order transitions
occurs like for the ASEP. The density profile decays in the maximum current phase algebraically with an
exponent;w% for all v 2= 2 indicating that these models belong to another universality class than the ASEP

wherey=3.
DOI: 10.1103/PhysReVvE.63.0161XX PACS nuniser05.40—a, 45.70.Vn
I. INTRODUCTION with the ASEP with parallel updatg?—9] which has been

solved exactly with periodic boundary conditiop8] and
Asymmetric exclusion process¢é8SEP play an impor-  recently also with open boundary conditiofgs10]. In this
tant role in nonequilibrium statistical mechanics. The one-special case three regimésee flow, jamming, and maxi-
dimensional ASEP is a lattice model which describes parmum current can be distinguished from each other. The

ticles hopping in one direction with stochastic dynamics andransition from the free flow to the jamming phase at the
hard core exclusion. It was introduced in 1968 to provide a- g jine for a, B<1—\p is of first order. The transition

qual@tative'understanding of the kinetics of the protein syn+.qm the free flom(jamming to the maximum current phase
thesis on ribonucleic acitRNA) templateg1]. It tumed out, 5 continyous and takes place at the injectiextinction rate
however, that—despite its simplicity—there are numerous (B.) With ay(p)= B.(p)=1—p. The adequate scheme
further applications of the ASEP on the field of inten‘ace]f:)cr tracffic simucla[iions Cisp arallel % datinbLl]qand this is
growth, polymer dynamics, and traffic floj2—6. P P

Unfortunately, as far as traffic is concerned, the ASEF’"lpplied also in the Nagel-Schreckenberg model. Systems

yields rather unrealistic results, because essential phenomeW th parallel update are, furthermore, characterized by strong

: ! . - short-range correlations, and therefore, short-range correla-
like acceleration or slowing down cannot be reproduced i 9 9

. "Yion functions play an important role hef#2,24.
this model. As a consequence, Nagel and Schreckenberg g Most of the work dealing with the Nagel-Schreckenberg

veloped an extension of the ASEP resulting in a one- del f ~1 i iodic_bound diti
dimensional probabilistic cellular automaton mofg]. Ac- MOdeE! TOF Umax IMpOSE periodic boundary conditions

cording to the Nagel-Schreckenberg model the road consis 3_.24]' Much attention has heen pa|d to the question of the
of a single lane which is divided into L cells of equal size Fansition from the free flow to the jamming regime. Accord-
ing to the state-of-the-art this is a crossover rather than a

numbered byi=1, 2,..., L and thdime is also discrete. " . S
Each site can be eiher empty or occupied by a car witf R, S DU Y O B e
integer velocityv=0, 1,...,vnax. All sites are simulta- ' ' y y

profile p(i) = p with 1<i<L due to translational invariance.

neously updated according to four successive steps. In this context it should be mentioned that short-range cor-

(1) Acceleration: increase by 1 if v <vay- relation functions are well suited for the description of the
(2) Slowing down: decrease to v=d if necessary(d is  free-flow—jamming transitiof24]: The free-flow regime is
the number of empty cells in front of the gar characterized by anticorrelations around a propagating peak,

(3) Randomization: decrease by 1 with randomization that is, in free flow cars are surrounded by empty space. At
probability p if p>0. the critical densityp. the anticorrelations are maximally de-
(4) Movement: move cav sites forward. veloped, and for higher densities they vanish. Simulta-

neously, a jamming peak develops according to the fact that

Either ring (periodic boundary conditionsr open(open  the back car is strongly slowed down in a jam. In the follow-
boundary conditionsgeometry is considered. In the case of ing, systems for maximum velocitias,,,=10 are investi-
ring geometry cars move on a ring and the car density in thgated for the more realistic case of open boundaries. Bound-
system keeps constant. Open systems, on the other hand, amy conditions are defined as [26]: At site i =0, which
characterized by the injectigextinction ratea (8), which  means out of the system a vehicle with the probabiitsnd
means by the probability (8) that a car moves intut of)  with the velocityv =v .y iS created. This car immediately
the system. moves according to the Nagel-Schreckenberg rules. If the

For the maximum velocity .= 1 the model is identical velocity of the injected car on+ 0 isv=0 (because sité
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B 0.5 JII i =5 (p=0.5). The first-order phase transition from freely moving
) to jammed traffic can be clearly seen. Moreover, there is a jump in
Jamming the derivative ofp(i,L/2) at the maximum current—free flow and
the maximum current—jamming border which is a hint of a
‘ continuous-phase transition.
0 0.5 1
o down of the cars at the end of the system. Otherwise, with
© probability 8, the cars simply move out of the system. In
Maximum Current [26] systems with open boundaries have been already ana-
lyzed for the randomization probability=0, i.e., by ignor-
p=05/ p=025 p=0.1172 . . . . .
1 T ing the randomization step. The most interesting feature of
""""""" - the deterministic Nagel-Schreckenbé&ifS) model for maxi-
Free mum velocitiesv =3 and open boundaries is the exis-

Flow tence of so-called buffers: As a consequence of the parallel

B 0S5} . updating and the hindrance an injected car feels from the
front car at the beginning of the system spaces larger than
Jamming Umax develop between two neighboring cars for high injec-
tion rates. This can be easily demonstrated by considéring
. 1 =0 and the first sites of the systeis1,...,5 fora=p
0 0.5

=1 andv,,=3. At an arbitrary timet=t, a car with ve-
o locity vmayx IS injected oni=0, i.e.,

FIG. 1. (a) Phase diagram far,,,=2 (p=0.5, continuous line:
first-order or continuous-phase transition; dotted line: border be-
tween Al-All and BI-BlI; broken line: border between the JI and
the Jll regime. Although there is no symmetry along the= 8 line
the phase diagram shows strong similarities tathg,=1 case(b)
Phase diagram faf,,,,=5 (p=0.5, continuous line: first-order or
continuous-phase transition; dotted line: border between Al-All and
BI-Bll; broken line: border between the JI and the JIl regime
Phase diagrams far,,,,= 3,4 are qualitatively the same. Due to the
buffer effect the border between the free flow and the jamming
phase shows a slight bending) Phase diagram fow,,,,,=5 and

injection:  vad. - 2 ..

After application of the NS rules on the system we have
injected oni=0, i.e.,

movement: |. 2 ... .
Correspondingly, we get far=ty+1

injection:  vad.- 2...

p=0,0.1172, 0.25, and 0.5. For randomization probabiliiesp, movement: |1 ...3
with p.=0.1172t0.008 the buffer effect vanishes and the free-flow

regime becomes smaller with increasing randomization probabilityand fort=t,+ 2

The borders of the maximum current regime tor 0.6, 5>0.92,

and p=0.25 (@>0.35, 3>0.89, andp=0.5) are represented by injection:  vyadl ... 3,

broken lines. The phase diagram for maximum velocitigg,>>5

is very similar. movement: . .2... .

=11is occupied by another car or because the front car is Ops the car on sitd =0 cannot move it is deleted and the
sitei=2 and the injected car is slowed down by 1 due tOsjtuation starts over in the next time step,
randomizationthen the injected car is deleted. k¢ L+1 a
“block” occurs with probability 1— 8 and causes a slowing injection:  vad. - 2...
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movement: |. 2... , However, randomization is indispensable for the analysis

of real traffic as it takes human behavior into account:

The behavior of a car driver is not like that of a machine but
and so on. Obviously, one car is lost out of three injectionrather contains unpredictable elements. In traffic, over-
possibilities. In the system, far from the boundaries, the disreactions when slowing down can be found as well as delays
tance between two neighboring cars turns out to be alterwhen accelerating; furthermore, there are fluctuations when
natelyd;=vmnaxandd,=2(vmax—1). That means, in addi- following a car(follow-the-leader situationand so on.
tion to the expected,,.xempty sites larger gaps occur inthe  Besides this motivation it is of interest to compare
a—1, B—1 limit. We call these additional sites “buffers” the generap>0, v,,,=1 case with the previously investi-
because they have a buffer effect at the end of the systengated models >0, va=1 [9,10] and p=0, vl
Due to these sites the development of jamming waves i§26]). The presented results were obtained by simulating
suppressed even f@<1. The transition from the free flow a L=1024 sample with at least 1000 runs with 410
to the jamming phase is of first order and accompanied byime steps each. In order to investigate the influence of
the collapse of the buffers. The effect resulting from therandomization on the system we proceed similarly to
buffers does not depend on the maximum velocity if.x ~ [26]: Section Il considers the behavior of the current and
=5 (for v .= 3,4 the buffer effect is not so strong as the average occupation number in the middle of the system. Sec-
buffers are not completely developed for that gase tion Il deals with density profiles, Sec. IV with short-range
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correlation functions. Finally, the results are summarized ifamming border shows a slight bending. These tendencies

Sec. V. are even stronger developed for higher maximum velocities
Umax With @ maximum current regime fow>0.35, 8
Il. CURRENT AND AVERAGE OCCUPATION NUMBER >0.87, andvpa=4 [for «>0.35 and5>0.89, andvay
AT THE MIDDLE OF THE SYSTEM =5, see Fig. ()].

Another interesting feature of the nondeterministic case is
The phase diagram for systems with probabilit: 0.5  that the course of the free-flow—jamming border is totally

and maximum velocCity =2 andv =5 is shown in  different from that forp=0. In Fig. 1(c) it can be clearly
Figs. 1(a@ and 1b) (the case 4= 3,4 is similar to the latter seen that this difference is a consequence of the vanishing
case. Forv =2 the phase diagrafiFig. (@] is qualita-  buffer effect due to randomization. For randomization prob-
tively the same as for the casg.,=1 [9,10]: The free flow  abilitiesp>p. (p,=0.1172+0.008 forv,,,,="5) there is no
and the jamming regime are divided by a straight line and fosign of the buffer effect any more, and@ctangular maxi-
a>0.35 andB>0.8 the system is in the maximum current mum current regime develops fo#> agieeriow @and B
phase. Obviously, the maximum current regime is smaller>8;,mming
than forv =1 and there is no symmetry along the= 8 In order to understand the nature of the transition between
line. For v,,—=3 the maximum current regime is even the phases we consider the average occupation number on
smaller (for «>0.35 and 8>0.85) and the free-flow— the sitei=L/2, p (i=L/2), as proposed if8]. Figure 2
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FIG. 5. (a) Density profiles forB=1 (p=0.5, vhax=5). A typical feature of density profiles in the free-flow regime is oscillations
resulting from the hindrance the cars have at the beginning of the system from each other. These oscillations die out for higher system sites
due to randomization. The curves decay algebraically in the maximum current regime as it is already known from théo)ABE&sity
profiles for 3=0.7 (vmax=5, p=0.5). The phase transition at=0.278 is of first order characterized by a linear density profile at the
critical injection rate. The curve far=0.4 («=0.3 or«=0.29) is typical for a density profile in the B(BI) regime.(c) Density profiles
for a=1 (p=0.5, vha=5). The results from the,,,=1 case are recovered: In the maximum current regige .89) the density
profiles decay algebraically and in the BIl jamming regime they are described by an enhanced exponential function.

showsp (i=L/2) forv,ax=5 as a function of the injection which deals with the investigation of the corresponding den-
and the extinction rate@he average occupation number on sity profiles.

i=L/2 for anyv ,.>1 behaves similarly It turns out that In the following we analyze the current due to the influ-
phase transitions in systems with maximum veloaity,,  ence of the boundaries, maximum velocity,,,, and ran-
>1 show the following features: The transition from free domization probabilityp. The best way to investigate the
flow to jamming is of first order indicated by a jump m influence of the left boundary is to consider the cg@sel
(i=L/2). At the maximum current—free flow and the maxi- for p=0.5 where cars simply move out of the system. In Fig.
mum current—jamming transition there is a jump in thee  3(a) free flow and maximum current phase can be clearly
rivative of p (i=L/2) which is a hint at a continuous-phase distinguished from each other. For maximum velocities
transition. These conclusions will be confirmed in Sec. lllv,,,=5 the curves are nearly the same with a maximum at
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FIG. 5 (Continued.

a~0.35 becoming stronger with increasing,, (the occur-  ming) to a maximum current phase develops with increasing

rence of the maximum will be explained belpwWwhe depen- randomization probability on thgd=1 line (a=1 line).

dence of the current oar and B8 for v,ax=2, 3, 4 is quali- More convincing arguments for the existence of a maximum

tatively the same as far,,,,=1. For the investigation of the current phase, however, will be given in the following sec-

influence of the right boundary we consider the casel tions.

for p=0.5[Fig. 3(b)]. Here, the current fav ,,,,=5 does not

erend on the maximum .velpcny. Fyrthermpre, it seems to Ill. DENSITY PROEILES

increase monotonously with increasiggalso in the maxi-

mum current phase8>0.89). Investigations for system Our observations so far consider the behavior of the

sizesL=4096, however, show that the latter observation iswhole system and of the site=L/2. For the analysis of what

just a finite size effect and that the current {gf,,=5 and  happens on the other sites it is useful to investigate the den-

B>0.89 is constant. Apart from this, the curves for the cur-sity profiles. Of special interest in this context is the question

rent do not change in an essential way with increasing sysn how far the density profiles reflect the transition between

tem sizel, and therefore it is sufficient to investigate sys-the phases. For that purpose we consider the density profiles

tems withL=1024 in the following. for =1 (— transition from free flow to maximum current
From the observations so far we can conclude that—as fdior 3=0.7 (— transition from free flow to jammingand for

the deterministic case—the behavior of the system only negae=1 (— transition from maximum current to jammingt

ligibly changes when maximum velocities,,,=5 are con- turns out that—as in the casewf,;,= 1 —the free-flow(jam-

sidered. Therefore we restrict ourselves to the egsg=5 ming) phase can be divided into the regime Al and A8l

in the following observations. and Bll). The following investigations are confined to the
We will now investigate the influence of the randomiza- randomization probabilityp=0.5, L=1024, andv,.=>5

tion probability on the behavior of the system. It can be seerifor v,,,=5 andL>1024 the density profiles are qualita-

from Figs. 4a) and 4b) that the buffer effect observed for tively the samg

the deterministic case vanishes with increagingor =1 In Fig. 5@ the transition from free flow to maximum

in Fig. 4@ the maximum aiw=~0.81 resulting from the ex- current forB=1 can be clearly seen. The free-flow regime is

istence of the buffers moves to the left and becomes weakaharacterized by oscillations at the beginning of the system

and weakerlIn Fig. 4(a) we make an exception and consider dying out fori =100(if p=0.5 andv ,5,=5) due to random-

the current ab ,,,,= 10 instead ob,,,=5, because for the ization and the density profile becomes constant. It can there-

latter case this effect is nearly invisibleg-or the injection fore be said that randomization blurs the influence of the left

rate «=1, on the other hand, the buffer effect vanishes adoundary. In the maximum current regime we do not have

soon as randomization probabilities>p. are considered. any oscillations at all. Instead, an analytic decrease of the
To sum up it can be said that as a consequence of théensity is observed becoming stronger with increasing

buffer effect, the course of the current in the maximum cur-This phenomenon can be easily understood as cars hinder

rent phase deviates from the expedteanstant behavior for ~ each other at the beginning of the system for high injection

B=1, p=0.5, and maximum velocities,;,=5 showing a rates: The higher the injection rate the stronger the hin-

slight maximum atae~0.35. Besides, there are strong indi- drance. As a consequence the density profiles in the maxi-

cations that a continuous transition from the free figmm-  mum current phase do not depend at all@in the middle
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FIG. 6. (&) Correlation functions forB=1 (p=0.5, vha=5). The free-flow regime is characterized by a propagating peak with
anticorrelations around it. In the coexistence regime both the jamming and the propagating peak can be dbs€wmedlation functions
for a=1 (p=0.5, vha=5). The curves in the maximum current and in the JI jamming regime behave similarlg~AL75 the
propagating peak vanishes and the system is in the Jll jamfisgperjamming”) regime.(c) Correlation functions for3=1—« (p
=0.5, vmax="5). As for the injection ratexr=1, the propagating peak vanishesgat 1— a~0.75. Moreover, there is a striking similarity
to corresponding correlation functions in the case of periodic boundary conditions.

and at the end of the system. At the beginning of the systenproportional to the injection rate when the cars move freely
however, the density profiles decay Bs” with y~0.66 up to a,=0.35 and becomes constant in the maximum cur-
which is valid forall v,,,c>1. We conjecture thaty=3 rent regime. The situation is different when density profiles
because the exponent converges to this value with increasirag the free-flow—jamming border fg8=0.7 are considered
system sizes. That means that the casgg=1 andv.x  [Fig. 5b)]. It can be easily seen that the transition is of first
>1 belong to different universality classes since the correorder as the density profile at.=0.278 is linear which is a
sponding density profiles for the ASEP with parallel updatetypical feature of a first-order phase transiti@ee[11] and
decay asi~” with y=3 at the beginning of the system references therejn
[9,10]. The density profiles for the injection rate=1 are shown
The free-flow—maximum current transition is nicely re- in Fig. 5c). The course of the curves fo8<0.89 (B
flected by the density at the end of the systerfi:=L) is  >0.89) is typical for the maximum currer@Bll jamming)
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FIG. 6 (Continued.

phase with an algebraiexponential decay at the beginning What is interesting, however, is that a classification into
of the system due to the hindrance already describegdfor free flow, maximum current, and jamming cannot be done
=1. The decay becomes weaker with decreagingnd fi-  when short-range correlation functions are considered. In-
nally vanishes as the repercussion resulting from the blockstead, due to Figs.(8-6(c) three regimes can be distin-
age ati=L+1 increasingly superimposes the hindrance ef-guished from each other

fect at the beginning of the system. For extinction rates 0.6

<pB=0.9 there is a slight increase at the end of the system (&) Free flow.The free flow is characterized by anticorre-
which indicates a hindrance due to the blockage. It just relations around a propagating peakiatvma(t—1) with a
mains a border effect, however, and is of no relevance for thehoulder ati =v ¢, that is, in free flow moving cars are

considerations in this paper. surrounded by empty space.
(b) Coexistence regime (3 maximum current)The co-

existence of free flow and jamming manifests itself in the
double-peak structure of the correlation function. The jam-
In this chapter we consider short-range correlation funciming causes a maximum &t —1 according to the hin-
tions drance the back car feels in the jam.
(c) Jamming Il (JII, “superjamming”).The propagating
C(i,t)=(n(i",t") pi+i"t+t")) ¢ —(n(i ’,t’))i/,tfz, peak disappears as a consequence of the fact that in free flow
moving cars do not exist any longer.

IV. CORRELATION FUNCTIONS

where
As is obvious from the previous sections the transition
7(i’,t")=1 ifsitei’ is occupied at time¢’ from JI to Jll is not a phase transition and does not change
the behavior of the system in an essential way. In correspon-
7n(i",t'")=0 else. dence with[24] the critical injection(extinction rate a,,
(B¢2) for the JI-J1I transition is defined by the vanishing of
(---)ir v describes the spatial and temporal average over athe propagating peak and takes placggt~0.65[see also
L sitesi’ and over timeg’ taken from our simulation of the Fig. 1(b)]. Unfortunately, an exact value for the free-flow—
steady state. The correlation functions are measured in thHamming transition can neither be given. As a consequence
middle of the system where the influence of the boundaries ief the randomized oscillations in the density at the beginning
minimal. We do not only investigate the casgs 1 [influ-  of the system it is not possible to determine the critical in-
ence of the left boundary, Fig(®] anda=1 [influence of jection (extinction) rate at which the influence of the right
the right boundary, Fig.(®)], but alsof=1— « [Fig. 6(c)]. boundary reaches the left boundary. This is a significant dif-
For the latter case there are similar conditions at both bounderence to the deterministic cag26] where the oscillations
aries and the system can be compared at best with the coof the free-flow phase form a well-defined pattern due to the
responding system with periodic boundary conditions.lack of randomization.
Therefore it is no surprise that the correlation functions in  The transition from jamming | to jamming |l takes place
Fig. 6(c) are qualitatively the same as those for periodicat 8~0.65 forall v,,>1. In other words: When the maxi-
boundary condition§24]. mum velocity is varied free flow, JlI, and the coexistence
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phase(JlI+maximum currentkeep constant and only the ra- =% for v,,=2 whereasy=3 was obtained in the ASEP.
tio between the maximum current phase and JI changeBhis indicates that systems withy,,,>1 andv,,,=1 be-
[Figs. 1@ and 1b)]. long to different universality classes. Another difference to
the ASEP is the existence of oscillations at the beginning of
V. CONCLUSIONS the system due to the repulsion of the cars.

. ) The comparison of systems with periodic and with open
The nondeterministic Nagel-Schreckenberg model with,nqary conditions suggests that there are mainly three dif-

open boundaries depends on the randomization, the MaXarences, First of all, the transition from free flow to jam-
mum velocity, and the boundary conditions. The buffer ef-ing for systems with open boundaries is sharp and there is
fect observed for the deterministic cgse 0 andvma,>3 1S 1o maximum current phase in the case of periodic boundary
_strongly weakened with increasing randomization probabil,ngitions. Moreover, the dependence on the maximum ve-
ity. FOr vya,=2 there are no buffers and therefore the cor-jocity is more complex for systems with open boundary con-
responding phase diagram is similar to the cagg,=1 for  jtions due to the occurrence of the buffers. However, there
all p values. Fow a,=3 andp>p (p.=0.1172-0.008 for  4re common features, too: Measurements of the short-range
umax=5) the buffer effect completely vanishes since the deqrelation function show that, as for corresponding systems
velopment of jamming waves is no longer suppressed. As ith periodic boundary conditions, three regimes can be dis-
consequence, a maximum current phase occurpfep.  tinguished from each othefa) free flow: cars do not hinder
and the free-flowjamming phase can be divided into two each other(b) maximum current and jamming I: coexistence

Umax=1,2. Another analogy to the casg,,=1 is that the  jammed.

free-flow—jamming (free-flow—maximum current and
jamming—maximum currejttransition is of first(secondl
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